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Field emisison of electrons crucially depends on the enhancement of the local electric field around nanotips.
The enhancement is maximum when individual emitter-tips are well separated. As the distance between two
or more nanotips decreases, the field enhancement at individual tips reduces due to the shielding effect. The
anode-proximity effect acts in quite the opposite way, increasing the local field as the anode is brought closer
to the emitter. For isolated emitters, this effect is pronounced when the anode is at a distance less than
three times the height of the emitter. It is shown here that for a LAFE, the anode proximity effect increases
dramatically and can counterbalance shielding effects to a large extent. Also, it is significant even when the
anode is far away. The apex field enhancement factor for a LAFE in the presence of an anode is derived
using the line charge model. It is found to explain the observations well and can accurately predict the apex
enhancement factors. The results are supported by numerical studies using COMSOL Multiphysics.
I. INTRODUCTION
Large area field emitters (LAFE) hold much promise
as a high brightness source of cold electrons1–5. The basic
underlying idea is the use of local electric field enhance-
ment near the emitter apex to lower the tunneling barrier
at individual nanotipped emitter sites, and, at the same
time pack sufficient number of them to generate macro-
scopically significant currents. There is a limit however
on the mean separation between emitters since packing
them more densely can actually reduce the net current
density of the LAFE due to shielding by neighbouring
emitters6–11. This results in a reduced local field en-
hancement at emitter sites and hence a lowering of emis-
sion current.
While it is not possible to beat shielding altogether,
the existence of a local field enhancing effect due to
the proximity of the anode12–19, holds some promise in
counter-balancing the former. The anode-proximity ef-
fect has not been studied before from the LAFE point
of view. For isolated emitters however, it is now well
studied numerically as well as analytically. It is known
for instance that when the anode is close to the emitter,
there is a significant increase in local field at the emitter
tip. As the anode is moved further away, the effect re-
duces and practically ceases to exist when the anode is
separated from the cathode by about 3 times of height
of the emitter. This distance is often set as a thumb rule
for the anode-at-infinity effect and it works quite well for
an isolated emitter.
For a LAFE, the anode-proximity effect can in fact be
be enhanced further by bringing emitters closer. To see
this, consider a square lattice of nano-emitters. Each
of them has an infinite number of images as a result
of successive reflections from the anode and cathode
planes. As the lattice constant decreases, the number
of images within the zone of influence of a central emit-
ter increases and starts contributing. This leads to an
enhanced anode-proximity effect and the local field in-
creases substatially as compared to the anode-at-infinity
for the same lattice spacing. As an illustative example20,
for an emitter of height h = 1500 µm and apex radius
of curvature Ra = 1.5 µm, the apex field enhancement
factor (AFEF) of an isolated, anode-at-infinity emit-
ter is γa(∞,∞) ' 317. When placed in a square ar-
ray with lattice constant c = h, the enhancement fac-
tor is γa(D = ∞, c = h) ' 218 with the anode still
at ‘infinity’. As the anode-cathode distance D is re-
duced to D = 1.5h, the field enhancement in a square
array increases to γa(D = 1.5h, c = h) ' 303 while
γa(D = 1.5h, c = ∞) ' 327. Thus shielding dominates
when the anode is at infinity while anode-proximity has
a dramatic effect when the emitters are packed closely,
counter-balancing the field-enhancement lowering effect
of shielding. In this light, it need not be surprising if
anode-proximity dominates shielding for some value of
D and c. There are other important ramifications of this
finding. The counterbalancing act ensures that the op-
timal (mean) spacing for maximum current density can
now be lower (depending on the closeness of the anode)
than the ‘roughly 2 times emitter height rule’ that ap-
plies for the anode-at-infinity9,17. This also implies that
since more emitters can be packed, the current density
itself can rise significantly. These are some of the things
that we shall investigate in this paper.
The combined effects of anode-proximity and shield-
ing phenonmenon can be understood in terms of the line
charge model (LCM) which already provides a platform
for shielding and anode-proximity effects individually.
For simplicity, we shall restrict ourselves to ellipsoidal
emitters for which the line charge density is linear when
the anode and shielding contributions are neglected. A
limitation of the LCM is the distortion in shape (the
zero-potential contour) when other emitters are in very
close proximity or the anode is within the a few radii
of curvature of the central emitter apex. Nevertheless,
the values of field enhancement factor can be used prof-
itably, with errors generally small for the emitters that
do contribute to field emission in a random LAFE, or if
the lattice contant c > h/2 in a square array21.
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2In the following, we shall model a general LAFE to-
gether with a planar anode using the linear line charge
model and derive a general formula for the field enhance-
ment factor that accounts for both shielding and anode-
proximity. The accuracy of the formula is then tested us-
ing the finite element software COMSOL. We show that
the percentage change in AFEF due to the presence of
anode increases as the spacing between the emitters de-
creases. The results point to a more optimistic outlook
for the net emitted current from an array of emitters or
a random LAFE when the anode is in close proximity.
II. LINE CHARGE MODEL FOR A LAFE IN THE
PRESENCE OF ANODE
The potential at any point (ρ, z) due to an isolated
line charge of extent L placed at (0,0) perpendicular to
a grounded conducting plane (z = 0) in the presence of
an electrostatic field −E0zˆ can be expressed as9,15,17,22
V (ρ, z) =
1
4pi0
[∫ L
0
Λ(s)[
ρ2 + (z − s)2]1/2 ds −∫ L
0
Λ(s)[
ρ2 + (z + s)2
]1/2 ds
]
+ E0z
=
1
4pi0
∫ L
−L
Λ(s)[
ρ2 + (z − s)2]1/2 ds+ E0z
(1)
where Λ(s) = λs in the line charge density. Note that
the grounded conducting plane is modeled by an image
line-charge. The zero-potential contour corresponds to
the surface of the desired emitter shape so that the pa-
rameters defining the line charge distribution including
its extent L, can, in principle be calculated by imposing
the requirement that the potential should vanish on the
surface of the emitter.
As a next step, consider a collection of identical line
charges each of extent L, placed randomly or in a regu-
lar array11. Denote the separation between the ith and
jth line charge by ρij . For convenience, let the i
th line
charge be placed at the origin. The potential VS(ρ, z)
(the subscript ‘S’ for ‘shielding’ effect) can be expressed
as
VS(ρ, z) = E0z +
1
4pi0
[ ∫ L
−L
λis[
ρ2 + (z − s)2]1/2 ds +∑
j 6=i
∫ L
−L
λjs[
(x− xij)2 + (y − yij)2 + (z − s)2
]1/2 ds]
(2)
where ~ρ = xiˆ + yjˆ and ρ2ij = x
2
ij + y
2
ij . For an infinite
array, the λj are identical and its value can be determined
by demanding that the potential vanishes at the apex
(0, 0, h) of the ith emitter where h ' L+Ra/2 where Ra
is the apex radius of the curvature of the emitters.
The next step is the introduction of the anode, sepa-
rated from the cathode plane by a distance D. These can
be modeled by successive images of all line charge pairs
(the line charge and its first image on the cathode plane
as incorporated in Eq. 2) from the anode and cathode
planes. The potential VSA with both the ‘shielding’ and
‘anode’ terms can be expressed as11,19
VSA(ρ, z) = E0z +
1
4pi0
∫ L
−L
ds
[
λis√
ρ2 + (z − s)2 −
∞∑
n=1
λis√
ρ2 + (2nD − z − s)2 +
λis√
ρ2 + (2nD + z − s)2
+
∑
j 6=i
{
λjs√
(x− xij)2 + (y − yij)2 + (z − s)2
−
∞∑
n=1
λjs√
(x− xij)2 + (y − yij)2 + (2nD − z − s)2
+
λjs√
(x− xij)2 + (y − yij)2 + (2nD + z − s)2
}]
(3)
where the second and third terms under the integral are
due to the images of the ith emitter, the fourth term
is due to shielding alone and the fifth and sixth have
contributions from images of the jth emitters.
We are interested in determining the field enhance-
ment at the tip (apex) of the ith emitter. This can be
achieved by diffentiating Eq. (3) with respect to z and
evaluating at x = 0, y = 0 (or ρ = 0) and z = h. As in
Ref. [11], it can be shown that the dominant term is
∂V
∂z
|(ρ=0,z=h) ' − λi
4pi0
[ 2hL
h2 − L2
]
. (4)
so that the field at the apex is known if λi can be evalu-
ated.
On setting VSA(ρ, z) = 0 in Eq. (3), an expression for
λi can be obtained. Thus,
λi = − 4pi0E0
ln[(h+ L)/(h− L)]− 2L/h− αA + αSi − αSAi
(5)
where
αA =
∞∑
n=1
[
(2nD − h)
h
ln
(2nD − h+ L
2nD − h− L
)
− (2nD + h)
h
ln
(2nD + h+ L
2nD + h− L
)]
,
(6)
3αSi =
N∑
j 6=i
λj
λi
[
1
h
√
ρ2ij + (h− L)2 −
1
h
√
ρ2ij + (h+ L)
2
+ ln
(√
ρ2ij + (h+ L)
2 + h+ L√
ρ2ij + (h− L)2 + h− L
)]
,
(7)
and
αSAi =
∞∑
n=1
N∑
j 6=i
λj
λi
[
Dmm
h
− Dmp
h
− Dpm
h
+
Dpp
h
+
2nD − h
h
ln
( Dmp + 2nD − h+ L
Dmm + 2nD − h− L
)
− 2nD + h
h
ln
( Dpp + 2nD + h+ L
Dpm + 2nD + h− L
)]
(8)
where
Dmm =
√
ρ2ij + (2nD − h− L)2
Dmp =
√
ρ2ij + (2nD − h+ L)2
Dpm =
√
ρ2ij + (2nD + h− L)2
Dpp =
√
ρ2ij + (2nD + h+ L)
2
The field enhancement factor at the apex of the ith
emitter is thus
γa ' 2h/Ra
ln
(
4h/Ra
)− 2− αA + αSi − αSAi (9)
where we have used the relation L = h−Ra/2.
In general, for a random collection of emitters, λj 6= λi
even if all the emitters are of equal height h. Following
Ref. [11], we shall assume λj/λi ' 1 since geometric ef-
fects are expected to dominate at least when the emitters
are not too close. For an infinite array, λj/λi = 1 and
Eq. (9) is easier to verify.
III. NUMERICAL RESULTS
We shall deal with an infinite array to understand how
anode-proximity can counterbalance shielding effects and
test the predictions of the line charge model derived in
section II. We shall assume the central (ith) emitter to be
placed at the origin. Other emitters (jth emitters) have
position vectors ~ρ = c(m1xˆ + m2yˆ) in the z = 0 plane
where c is the lattice constant. For the numerical results
presented here, all emitters have a height h = 1500µm
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FIG. 1. The field enhancement factor γa(D, c) as a function
of anode-cathode distance D. Two values of lattice constant c
are considered and each value of D and c, γa(D, c) is evaluated
using COMSOL (solid square for c = h and solid circle for
c = 1.5h) and the LCM predictions of Eq. (9) (denoted by
solid triangles).
and apex radius of curvature Ra = 1.5µm. They are
placed in an infinite square lattice with lattice constant
c.
The apex field enhancement factor can be determined
with Eqns (9) and (6)-(8) for each value of D and c. All
emitters within a radius of 80c have been included while
the number of images considered is typically around 1000.
The apex field enhancement has also been computed us-
ing the finite element software COMSOL. The results are
shown in Fig. 1.
Clearly, at the smaller nearest-neightbour pin spac-
ings, the anode-proximity effect is much stronger20. To
see this, note that γa(D = 1.25h, c = h) ' 330 while
γa(D = 10h, c = h) ' 226 as compared to γa(D =
1.25h, c = 1.5h) ' 337 and γa(D = 10h, c = 1.5h) ' 275.
Thus, as compared to D = 10h, γa increases by about
46% at D = 1.25h for c = h, while over the same
range, γa increases by 22.5% for c = 1.5h. The ef-
fect is even more dramatic for c = 0.75h where γa in-
creases by 70% with γa(D = 10h, c = 0.75h) ' 185 and
γa(D = 1.25h, c = 0.75h) ' 315.3.
We next study the predictions of line charge model.
It is obvious from Fig. 1 that the error in much smaller
at larger nearest-neightbour pin spacings. For c = 1.5h,
the average error in prediction in the range D = 1.25h to
D = 10h is about 0.43% while for c = h, the average error
increases to about 2.45% in the same range of D. At c =
0.75h, the average error increases to about 7% for D ∈
[1.25h, 10h] with errors about 5% for D ∈ [1.25h, 2h].
Thus, the line charge model captures the anode-
proximity for arrays of emitters with errors that are gen-
erally below 2.5% for c ≥ h. It can thus be used to cal-
culate the optimal spacing in the new light of enhanced
4anode-proximity effect for arrays of emitters. Recall that
when the anode is at infinity11, the array current density
is maximum when the lattice constant (or mean spac-
ing) is about 2h, with a slight variation depending on
the electric field. In the presence of the anode, this op-
timal spacing is expected to change depending on the
anode-cathode distance D.
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FIG. 2. Variation of the electric field on the emitter sur-
face around the apex follows the generalized cosine law
E(z, ρ)/Ea = cos θ˜ = (z/h)/
√
(z/h)2 + (ρ/Ra)2. The elec-
tric field data is obtained using COMSOL (solid curve) while
the solid squares are obtained using the expression for cos θ˜.
Here D = 1.25h and c = h.
For an infinite square lattice, the array current den-
sity Jarray is evaluated by calculating the current from
a single emitter pin and dividing by c2. Thus, Jarray =
Ipin/c
2 where23
Ipin ' 2piR2aGJ(0, h) (10)
J(0, h) =
1
(tF )2
AFN
W
E2a exp(−BFNvFW 3/2/Ea) (11)
(12)
where G = 1/(BD1), f0 ' 1.439965Ea/W 2, D1 =
1 − f0/6, vF = 1 − f0 + (1/6)f0 ln f0, tF = 1 + f0/9 −
(1/18)f0 ln f0 and Ea = γa(D, c)E0. In the above W is
the workfunction (eV) and AFN ' 1.541434 µA eV V−2
and BFN ' 6.830890 eV−3/2 V nm−1 are the conven-
tional Fowler-Nordheim constants24–28. The expression
for G is obtained using the generalized cosine law29,30 of
field variation near the apex, a result found to be true in
the present scenario as shown in Fig. 2.
Fig. 3 shows the array current density for 2 val-
ues of macroscopic electric field and 3 values of anode-
cathode distance D. Clearly, as the anode comes closer to
the emitter (D decreases), the optimal spacing becomes
smaller and the maximum current density itself increases
at any given macroscopic field as evident from the figures.
Further, at a higher macroscopic field, the shift to smaller
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FIG. 3. Variation of the array current density Jarray (A/m
2)
with lattice spacing c for 3 different anode-cathode spacing D
and (a) E0 = 20MV/m and (b) E0 = 30MV/m. Note that the
optimal spacing shifts below the emitter height for D = 1.25h
and E0 = 30MV/m.
optimal spacing is greater. At E0 = 30MV/m for in-
stance, the optimal spacing is c ' 0.75h, which is smaller
than the height of the emitter. The significance of the
anode-proximity effect in a LAFE can be judged by not-
ing that the maximal current density is 1.19× 103A/m2
at E0 = 20MV/m (c/h = 2.4) while at E0 = 30MV/m,
the maximal current density is 1.65× 103 (c/h = 2.13).
IV. DICUSSIONS AND CONCLUSIONS
It is clear from the preceding analysis that for a LAFE,
the anode-proximity effect plays a dominant role and can
counterbalance electrostatic shielding. We have also es-
tablished that the line charge model predicts the apex
field enhancment factor accurately for lattice constants
c ≥ 1.5h while the error was found to be less than 5% for
5c = 0.75h and anode distance D ≤ 2h.
The line charge model in fact underpredicts the apex
field enhancement factor γa(D, c) for small values of D
and c. This is due to shape broadening of the zero-
potential contour. The current densities obtained using
LCM thus provide a lower bound.
In the present study, the dimensions of the emitter
chosen are such that curvature-corrections to the tunnel-
ing potential are negligible. A similar analysis can be
done for emitters with smaller apex radius of curvature
(a few nanometers) using the curvature-corrected for-
mula for emission current31,32. Due to the nature of the
corrections31, it is easy to see that the current densities
will decrease somewhat due to a slighly broadended tun-
neling barrier. Nevertheless, anode-proximity will play a
dominant role and enhance the optimal current density.
Finally, even though we have chosen an ellipsoid to
demonstrate the enhanced anode-proximity effect in a
LAFE, differently shaped emitters will also display the
enhanced effect. The line charge model will also continue
to hold but must be replaced by a nonlinear line-charge,
making predictions slightly more involved19.
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